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States of the electromagnetic field confined near
a periodically corrugated surface of a perfect
conductor, spoof surface plasmon polaritons
(SSPP), are approached systematically based on
the developed adaptation of the mode matching
technique to the transfer matrix formalism. Within
this approach, in the approximation of narrow
grooves, systems with arbitrary transversal structure
can be investigated straightforwardly, thus lifting
the restrictions of the effective medium description
and usual implementations of mode matching. A
compact expression for the SSPP coupling parameter
accounting for the effect of higher Bloch modes is
found. The results of the general analysis are applied
for studying the effect of dielectric environment on
SSPP spectra. It is shown that the effective SSPP
plasma frequency is unaffected by the dielectric
constant of the medium outside of the grooves
and the main effect of sufficiently wide dielectric
slabs covering the corrugated surface is described
by simple rescaling of the maximal value of the
Bloch wavenumber and the coupling parameter.
Additionally, in the case of a thin dielectric layer, it
is shown that SSPP are sensitive to variation of the
thickness of the layer on the sub-wavelength scale.

1. Introduction
The problem of propagation of electromagnetic waves
near periodically corrugated conducting surface has
attracted attention since the 1940s [1,2] in the context of
slow waves and nowadays scattering of electromagnetic
waves on a corrugated surface of a perfect electric
conductor is one of the standard topics of textbooks

2016 The Author(s) Published by the Royal Society. All rights reserved.

 on November 23, 2016http://rspa.royalsocietypublishing.org/Downloaded from 

http://crossmark.crossref.org/dialog/?doi=10.1098/rspa.2016.0616&domain=pdf&date_stamp=2016-11-23
mailto:merement@umich.edu
http://orcid.org/0000-0002-4603-1836
http://rspa.royalsocietypublishing.org/


2

rspa.royalsocietypublishing.org
Proc.R.Soc.A472:20160616

...................................................

1.5

1.0

0.5

0

3

2

1

0

(a)

z
y

x

a

d

h

w

(b) (c)

Figure 1. (a) A general view of the corrugated perfect conductor surface supporting spoof plasmons. Typical geometrical
parameters are indicated (a is the width of the groove, w is the distance between conducting planes bounding the structure
from the sides, d is the period of the structure, h is the height of the grooves) together with the choice of the coordinate system
adopted in the paper. (b,c) Enhancement of the field confinement with increasing Bloch wavenumber, β : (b) βh= 0.5π ,
(c)βh= 0.8π . (Online version in colour.)

on electromagnetic theory. The situation has changed recently when a deep analogy between the
field states and plasmons in metals has been recognized [3,4]. The grooves in the conductor, in
structures similar to those shown in figure 1 play the role of cavities holding most of the field in
the slow wave regime. As a result, while there is no true penetration into the material, the field is
contained beneath the surface covering the structure mimicking such penetration. Moreover, as
we will demonstrate below, near frequencies corresponding to the quarter-wavelength resonance
of the grooves the spectrum of the electromagnetic waves can be approximately described with
the help of an effective Drude model with the plasma frequency

ωp = πc
2h

. (1.1)

Owing to such resemblance of the behaviour of true plasmon polaritons in metals, the states of
the electromagnetic field confined to the corrugated surface of a perfect conductor were dubbed
spoof surface plasmon polaritons (SSPP).

It should be noted, however, that the relationship between the effective plasma frequency and
the parameters of the surface obtained in equation (1.1) is specific for the quasi-one-dimensional
geometry, when the structure has well-defined hierarchy of sizes (along x-, y- and z-axes). In
the two-dimensional case, where grooves have the form of cylinders, the SSPP effective plasma
frequency is determined by the optical radius of the grooves [3,5] and in order to reach the regime
with well-formed SSPP, it is necessary to fill grooves with a dielectric with high refractive index.

Mimicking plasmon features without penetrating into material generated a significant interest
in SSPP. With the help of spoof plasmons, it becomes possible to employ various plasmon effects,
for instance, field confinement and enhancement, in situations, where true plasmons can barely
exist. For example, frequencies in the terahertz region are too small compared to typical metal
plasma frequency and, as a result, plasmons suffer greatly from losses.

Search for adaptations of plasmon techniques to SSPP required to turn to more sophisticated
structures than those, for which the SSPP effect was initially established: for example, containing
layers with mismatching dielectric properties. This revealed insufficient flexibility of currently
employed methods of the theoretical description of SSPP, which were successful in dealing with
simple corrugated waveguides. Owing to the lack of advanced theoretical techniques, the studies
of SSPP structures are restricted to numerical simulations and experimental work [6–17]. With this
regard, it must be noted that even the simplest SSPP structure shown in figure 1 is characterized
by four geometrical parameters resulting in a three-dimensional manifold of structures and a
general theoretical guidance is needed for successful advancement.

The theoretical methods used for dealing with SSPP can be divided into two classes. One is
based on the description of corrugated surfaces by an effective medium [5,18–20]. While this
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approach is simple to implement technically, it suffers from two drawbacks. First, since the
effective medium is homogeneous, it preserves the projection of the wavevector on the x-axis
(as shown in figure 1) and thus discards the contribution of higher Bloch modes. These modes,
however, play an important role when the SSPP modes are well formed and the distribution of
the field outside of the grooves is highly inhomogeneous along the x-axis. Second, the parameters
of the effective medium depend non-trivially on parameters of the structure, if introduction of
an effective medium is possible at all [21], which makes it difficult to investigate the effect of
structural variation on SSPP properties.

Another class of methods is based on the mode matching technique [22–26]. Potentially, these
methods are exact but often lead to complex problems of enforcing existence of non-trivial
solutions of a system of equations with respect to amplitudes of the modes. As a result, obtaining
the SSPP dispersion equation in an explicit form is rather an exception [23]. To circumvent these
difficulties, mode matching is often implemented under simplifying assumptions, e.g. mirror
symmetry of the structure [24], significantly limiting the applicability of the method.

In this paper, we adopt the mode matching approach to the transfer matrix formulation
thus introducing transversal transfer matrices. Within this approach, many problems, which are
difficult to deal with using an effective medium and straightforward mode matching descriptions,
are treated routinely to the point that in the approximation of narrow grooves, systems with
arbitrarily complex transversal structure can be treated.

The rest of the paper is organized as follows. In §2, we introduce the general formalism
of transversal transfer matrices. In §3, we discuss the general procedure of derivation of SSPP
dispersion equations. In §4, spectral properties of SSPP in structures of principal importance
are analysed. Finally, in §5, we apply the obtained results for studying the effect of dielectric
environment on SSPP.

2. Formalism of transversal transfer matrices
The distribution of the field across a periodic structure is conveniently described within formalism
of the transversal transfer matrix when the field is represented as a superposition of upward and
downward propagating waves with transfer matrices relating amplitudes in different regions.
The field with the polarization Ey = 0 can be presented inside the groove in the form

Ex(z < zB) =
∞∑

l=0

Pl cos
[

π l
a

(x − xL)
]

( f (+)
l (g) eiPlz + f (−)

l (g) e−iPlz), (2.1)

where xL is the x-coordinate of the left boundary of the groove. We will refer to the region outside
of the groove as ‘the arm’ throughout the paper. Inside the arm, we have

Ex(z > zB) =
∞∑

m=−∞
Qm eiβmx

(
f (+)
m (a) eiQmz + f (−)

m (a) e−iQmz
)

. (2.2)

Here, zB is the z-coordinate of the boundary between the groove and the arm, f (±)(g) and f (±)(a)
are amplitudes inside the groove and the arm, respectively, βm = β + 2πm/d, Q2

m = P2 − β2
m, P2

l =
P2 − (π l/a)2 and P2 = (ω/c)2 − (π/w)2. In order to shorten formulae, in what follows we will omit
limits of summations.

The remaining components are derived using ∇ · E = 0 and ∇ × E = iωB (here and below the
time dependence is assumed in the form e−iωt). Thus, inside the groove we have

Ez(z < zB) = −i
∑

l

π l
a

sin
[

π l
a

(x − xL)
] (

f (+)
l (g) eiPlz − f (−)

l (g) e−iPlz
)

and By(z < zB) = P2

ω

∑
l

cos
[

π l
a

(x − xL)
] (

f (+)
l (g) eiPlz − f (−)

l (g) e−iPlz
)

,

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(2.3)
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and inside the arm we find

Ez(z > zB) = −
∑

m
βm eiβmx

(
f (m)
+ (a)eiQmz − f (−)

m (a)e−iQmz
)

and By(z > zB) = P2

ω

∑
m

eiβmx
(

f (+)
m (a) eiQmz − f (−)

m (a) e−iQmz
)

.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(2.4)

For a fixed z, equations (2.1) and (2.3) inside the groove and equations (2.2) and (2.4) inside
the arm can be regarded as Fourier transforms of the components of the electromagnetic field as
functions of x. To relate the coefficients of the expansions, we require that when z approaches the
boundary between the groove and the arm from within the arm, Ex must vanish at the boundary
at all x corresponding to the sides of the waveguide. Thus, incorporating the phase factors into
the definition of amplitudes f (±)

l (g) and f (±)
m (a), we find

f (+)
m (a) + f (−)

m (a) = 1
Qmd

∫ xR

xL

dx e−iβmxEx(x; z = zB + 0), (2.5)

where xR = xL + a is the coordinate of the right boundary of the groove, and Ex(x; z = zB + 0)
stands for Ex given by equation (2.1) taken at the boundary between the groove and the arm. The
series of equations (2.5) can be rewritten in the form

f (+)
m (a) + f (−)

m (a) =
∑

l

Em,l( f (+)
l (g) + f (−)

l (g)), (2.6)

where

Em,l =
Pl

Qmd

∫ xR

xL

dx e−iβmx cos
(

π l
a

(x − xL)
)

. (2.7)

The second series of equations is obtained requiring that as z approaches zB from within the
groove By must be continuous. Taking into account the relation

∫ xR

xL

dx cos
(

π l
a

(x − xL)
)

cos
(

π l′

a
(x − xL)

)
= aslδl,l′ , (2.8)

where sl = (1 + δl,0)/2, we can treat expression for By in equation (2.3) as a Fourier series and find

f (+)
l (g) − f (−)

l (g) = 1
asl

∫ xR

xL

dx cos
[

π l
a

(x − xL)
]

By(x; z = zB − 0) (2.9)

or

f (+)
l (g) − f (−)

l (g) =
∑

m
Bl,m( f (+)

m (a) − f (−)
m (a)), (2.10)

where

Bl,m = 1
asl

∫ xR

xL

dx eiβmx cos
(

π l
a

(x − xL)
)

. (2.11)

Equations (2.6) and (2.10) do not yet form a transfer matrix because they describe the transfer of
symmetric and antisymmetric combinations of the amplitudes in opposite directions: from within
the groove into the arm and from within the arm into the groove, respectively. In order to have the
transfers in the same direction, equation (2.6) must be complemented by inverted equation (2.10)

or another way around. This is achieved by introducing ˆ̄E = Ê−1 and ˆ̄B = B̂−1. Taking into account
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equation (2.8) and the completeness of exp(iβmx) on a space of periodic functions with period d∑
m

exp(iβmx) = dδ(x), (2.12)

one can check that

Ēl,m = Qm

Pl
Bl,m and B̄m,l = Qm

Pl
Em,l. (2.13)

Thus, equation (2.6) should be complemented by

f (+)
m (a) − f (−)

m (a) =
∑

l

B̄m,l( f (+)
l (g) − f (−)

l (g)), (2.14)

to completely express amplitudes within the arm in terms of amplitudes inside the groove and
thus to fully describe transfer through the groove–arm interface. To extend this description, it
is convenient to introduce a formal matrix representation of the transfer. To this end, we define
vectors of states describing upward and downward propagating components

| f (±)(g)) =

⎛
⎜⎜⎜⎝

f (±)
0 (g)

f (±)
1 (g)

...

⎞
⎟⎟⎟⎠ and | f (±)(a)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

f (±)
−1 (a)

f (±)
0 (a)

f (±)
1 (a)

...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.15)

The full state of the EM field is described by the direct sum of | f±), which we will denote by

| f (+), f (−)〉 =
(

| f (+))
| f (−))

)
. (2.16)

For the field inside the groove, we denote | ± 1; l〉 such | f (+), f (−)〉, where f (±)
l = 1, while the rest

of the amplitudes are zero, so that an arbitrary state of the field is expanded as

| f (+), f (−)〉 =
∑

l

f (+)
l |1; l〉 +

∑
l

f (−)
l | − 1; l〉. (2.17)

In a similar way, | ± 1, m〉 for expanding the state vector inside the arm can be defined.
Using these notations, equations (2.6) and (2.14) can be represented in the form

| f (+)(a), f (−)(a)〉 = Ta,g| f (+)(g), f (−)(g)〉, where Ta,g = Ti(Ê, ˆ̄B) is the transfer matrix through the
groove–arm interface and

Ti(T̂
(1), T̂(2)) = 1

2

(
T̂(1) + T̂(2) T̂(1) − T̂(2)

T̂(1) − T̂(2) T̂(1) + T̂(2)

)
(2.18)

is a general transfer matrix through interfaces with continuity of Ex and By.
The transfer matrices within the groove and the arm are found observing that while traversing

them the respective amplitude simply acquire respective phase factors. Thus, for a groove with
height h and for the arm with height t, we obtain

Tgg =
(

exp(iP̂h) 0
0 exp(−iP̂h)

)
(2.19)

and

Taa =
(

exp(iQ̂t) 0
0 exp(−iQ̂t)

)
, (2.20)

respectively. Here, we have defined P̂ = diag(Pl) and Q̂ = diag(Qm).
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A case of special interest is when an element of the structure (groove or arm) contains a
layer with a different dielectric function, ε, extending vertically over the whole element or
only part of it. The expansions of the electromagnetic field in this case have the same form
given by equations (2.1)–(2.4) with, respectively, modified propagation constants along the z-axis:
P2 → P(ε)2 = ε(ω/c)2 − (π/w)2, P2

l → P2
l (ε) = P(ε)2 − (π l/a)2 and Q2

m → Q2
m(ε) = P2(ε) − β2

m.
The interface transfer matrix from layer characterized by εII into the layer with εI has the same

structure within the groove and the arm

T (εII, εI) = Ti(T
(1)(εII, εI), T(2)(εII, εI)) (2.21)

with

T(1)
l,l′ (εII, εI) = Pl(εI)

Pl(εII)
δl,l′ and T(2)

l,l′ (εII, εI) = P2(εI)
P2(εII)

δl,l′ , (2.22)

for the groove and

T(1)
m,m′ (εII, εI) = Qm(εI)

Qm(εII)
δm,m′ and T(2)

m,m′ (εII, εI) = P2(εI)
P2(εII)

δm,m′ , (2.23)

inside the arm. Finally, for the case of mismatching dielectric functions between the groove, εg,
and the arm, εa we have

T(1)
m,l(εa, εg) = Qm(εg)

Qm(εa)
Em,l(εg) and T(2)

m,l(εa, εg) = P2(εg)

P2(εa)
B̄m,l(εg). (2.24)

These transfer matrices can be derived by shifting infinitesimally the boundary between the
regions with different refractive indices, so that it would be positioned either inside or outside the
groove. Next, the transfer through the interface is performed in two steps: through the boundary
between regions with different dielectric properties, which is described by either equation (2.22)
or (2.23), and through the interface between arm and groove filled by the same material. It can be
easily checked that the resultant transfer matrix (2.24) does not depend on the choice of the shift.

Combining the transfer matrices for individual elements, we obtain the total transfer matrix
Ttot connecting the state of the field at the upper and lower ends of the structure. For example, for
the half-closed waveguide one has TOS = TagTgg.

Two features of the transfer matrices are worth emphasizing. First, the transfer matrices
through either groove or arm preserve subspaces spanned by | ± 1; m〉 and | ± 1; l〉. To emphasize
this property, we introduce more direct notations for such states defining

| ± 1; {f (±)
l }〉 ≡

∑
l

f (±)
l | ± 1; l〉 (2.25)

inside the groove and analogously inside the arm. These notations provide an alternative
representation of the action of transfer matrices within regions, for instance,

Tgg|1; {fl}〉 = |1; {eiPlhfl}〉. (2.26)

Second, the interface transfer matrices, as is seen directly from continuity conditions (2.6) and
(2.10), establish mapping between symmetric and antisymmetric combinations of upward and
downward components. To explicate this property, we define

| ± x; l〉 = 1√
2

(|1; l〉 ± | − 1; l〉), (2.27)

and a related version of equation (2.25)

| ± x; {gl}〉 =
∑

l

gl| ± x; l〉. (2.28)
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In these notations, the ‘invariance’ of | ± x〉 subspaces is reflected by expressions of the form

Ti| ± x; {gl}〉 = | ± x; T̂(1,2){gl}〉 = | ± x;

{∑
l

T(1,2)
m,l gl

}
〉, (2.29)

while
Tgg| ± x; {gl}〉 = | ± x; cos(P̂h){gl}〉 + i| ∓ x; sin(P̂h){gl}〉. (2.30)

Expressions (2.26), (2.29) and (2.30) define a representation of the transfer matrices and provide
an important technical tool extensively used below.

The distribution of the field inside the structure is subject to boundary conditions determined
by the form of the terminating points and by the character of the problem approached. We,
first, consider the case of a groove terminated by an ideally conducting plane perpendicular
to the z-axis, so that Ex must vanish at the terminating point. Thus, a state of the field at the
boundary can be presented as |α〉 = | − x; {αl}〉 with arbitrary constants αl. Similarly, other classes
of boundary conditions can be treated. For example, waveguiding modes are characterized by
radiating Sommerfeld boundary conditions at infinity. Taking for definiteness the region z > 0,
any such state has the form |α〉 = |1; {αm}〉. Such defined boundary conditions together with
the transfer matrices derived above deliver the complete description of the field distribution in
periodic corrugated waveguides.

3. Dispersion equation for waveguiding modes
The developed formalism is directly applied for finding dispersion law governing states of the
field confined to the corrugated surface, spoof surface plasmon polaritons (SSPP). The dispersion
law is obtained by requiring that the transfer matrix must map state vector corresponding to the
boundary condition at one point, say, |αL〉 at the lower end, into a state vector corresponding to
the condition at the opposite point, say, |αU〉. Explicitly, this condition is written as

D(ω, β) ≡ 〈α⊥
U |T |αL〉 = 0, (3.1)

where 〈α⊥
U | is an element of space defined by 〈α⊥

U | αU〉 = 0; for example, for open and closed ends,
〈α⊥

U | is found from 〈x; {α⊥
l } | −x; {αl}〉 = 0 and 〈−1; {α⊥

m} | 1; {αm}〉 = 0. It should be emphasized that
since for any chosen state vector |αL〉 satisfying the boundary condition, equation (3.1) must hold
for an arbitrary 〈α⊥

U |, equation (3.1), in fact, defines a system of homogeneous equations with
respect to amplitudes entering |αL〉.

We illustrate the derivation of the dispersion law by a simple example of a slab of thickness
2t made of material with the dielectric function ε. In this case, we have only interfaces between
layers with different dielectric properties and the total transfer matrix has the form T = Ta,εTεTε,a,
where Tε,a = Ti(T̂Q, T̂P) with T̂Q and T̂P given by T̂(1) and T̂(2) in equation (2.23), respectively, and
Tε = diag(exp(2iQ̂(ε)t), exp(−2iQ̂(ε)t)). Expanding the action of the transfer matrices, we obtain
αmβmDL,m = 0 with well known

DL,m = cos(2Qm(ε)t) − i
2

(λL,m + λ−1
L,m) sin(2Qm(ε)t) (3.2)

and λL,m = T(2)
m /T(1)

m = Qm(ε)P2/[QmP2(ε)], where T(1,2)
m are the diagonal elements of matrices T̂(1,2)

defined in equation (2.23).
Of course, for this case the formalism developed above is excessive since due to the

translational symmetry the projection of the wavevector on the plane of the slab conserves
and the dispersion equation can be obtained by regarding components with definite x-
component of the wavevector. In the case of our main interest, when the width of the grooves
is small comparing to the period of the structure, equation (3.1) can be analysed using
an approximation developed similarly to the Rayleigh–Schroedinger perturbation theory. We
illustrate this approach considering the SSPP dispersion equation in a half-closed waveguide
(figure 4a), when |αL〉 = | − x; {αl}〉 and 〈α⊥

U | = 〈−1; {α⊥
m}|. Using representation of the action of
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the transfer matrix as in equations (2.29) and (2.30), we can rewrite the dispersion equation in
the form

− 1√
2

ˆ̄B cos(P̂h)|α) + i√
2

Ê sin(P̂h)|α) = 0, (3.3)

which can be formally resolved with respect to cos(Plh)αl

cos(Plh)αl − i
∑

l′
ηl,l′ sin(Pl′ h)αl′ = 0, (3.4)

where ηl,l′ = (l|B̂Ê|l′) ≡∑
m Bl,mEm,l′ . Performing integration over x in Ê and B̂ yields the well-

known representation of the coupling parameter for l = l′ = 0 [5,22]

η0 = P0
a
d

∑
m

1
Qm

sinc2
(

βma
2

)
. (3.5)

As this series cannot be presented in a closed form, in theoretical analysis of SSPP usually only
the m = 0 term is kept, which constitutes the single Bloch mode approximation, so that η is
approximated by

ηSMA = P0a
Q0d

sinc2
(

βa
2

)
. (3.6)

Below we develop a more consistent approximation, which allows one to take into account the
contribution of higher order Bloch modes, which play an important role in the strong confinement
regime (figure 1c), that is when the SSPP is well formed.

Since ηl,l′ ∼ a/d, in structures with narrow grooves, equation (3.4) can be approached with the
help of a perturbation theory. The most significant effect is of the first order. It yields dispersion
equation of SSPP formed by modes of different orders along the x-axis inside the grooves

DOS,l(ω, β) ≡ cos(Plh) − λl
Pl

κ0
sin(Plh) = 0, (3.7)

where we have defined κm =
√

β2
m − P2, and λl ≡ ηl,lκ0/Pl so that

λl = κ0

dsl

∫ a

−a
dx

[(
1 − |x|

a

)
cos

(
π lx

a

)
+ (−1)l

π l
sin

(
π l
a

(a − |x|)
)]

eiβxF(x), (3.8)

with

F(x) =
∑

m

1
κm

ei2πmx/d. (3.9)

While equation (3.7) describes dispersion laws of SSPPs formed by the groves modes of
arbitrary order, owing to significant frequency separation between them ∼ c/a, only the lowest
one is of our interest. Therefore, we will concentrate mostly on the case l = 0, when we have

λ0 = κ0
1
d

∫ a

−a

(
1 − |x|

a

)
eiβxF(x). (3.10)

Function F(x) has logarithmic singularities at points x = nd with integral n, which can be
investigated by considering the vicinity of these points. Approximating the series in equation (3.9)
by the main contributions, we obtain

F(x) ≈ 1
κ0

− d
π

ln
(

2π |x|
d

)
. (3.11)

The validity of this approximation in structures with narrow grooves is illustrated in figure 2.
Thus, we obtain

λ0 ≈ a
d

{
sinc2

(
βa
2

)
+ κ0d

π

[
3
2

− ln
(

2πa
d

)]}
. (3.12)

The second term in the braces, deviating from the approximation routinely used in studies of SSPP
in periodically corrugated structures, ηSMA, accounts for the effect of multiple Bloch modes. This
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Figure 2. Function F(x) (solid line) defined by equation (3.9) determining the strength of the coupling between states inside
and outside the grooves and its approximation by equation (3.11) (dashed line) for β at the boundary of the Brillouin zone.
(Online version in colour.)

correction, as will be shown below, becomes important in the regime of well-formed SSPP when
the states of the electromagnetic field are characterized by strong confinement to the surface.

Extension of this approach to more complex structures is straightforward owing to the fact
that, as long as at one end the state of the field is given by | − x; {αl}〉, its transfer through the
structure can always be presented in the form

|αf 〉 = |x; T̂(a){αl}〉 + | − x; T̂(b){αl}〉, (3.13)

with some matrices T̂(a,b).
The situation is different for open structures (similar to that shown in figure 4b), because in this

case the boundary condition is set for Bloch modes of the EM field in the free space. While the
same general dispersion equation, equation (3.1), holds in this case, the derivation of perturbative
dispersion equation should be modified and requires finding the ‘correct’ representation of the
state of the field inside the grooves. The general procedure goes as follows. We pick a point P
inside a groove and write down the transfer matrix as a product T = TU,PTP,L, where TP,L is the
transfer matrix from the lower end of the structure to point P and TU,P propagates from point P

to the upper end. The state of the field at point P is presented as |αP〉 = |x; {α(+)
l }〉 − | − x; {α (−)

l }〉.
Propagating this state to the terminating points of the structure yields

〈α⊥
U |TU,P |αP〉 = 0 and 〈α⊥

D |T −1
P,L |αP〉 = 0, (3.14)

which is a system of coupled equations similar to equation (3.3) and can be treated in a similar
way. This strategy is used in §4b for derivation of the SSPP dispersion equation in a structure with
open groove bounded from one side by a medium with mismatching dielectric function.

The situation simplifies greatly for structures with the mirror symmetry. Owing to their
importance, we consider them on a slightly more general basis following the procedure sketched
in [27] for the single Bloch mode approximation.

Introducing an operator switching components propagating upwards and downwards Sx =(
0 1̂
1̂ 0

)
, a transfer matrix through a structure possessing the mirror symmetry with respect to

the plane z = zC can be factorized T = T̄CTC, where TC is the transfer matrix from the lower
terminating point to the symmetry plane and T̄C = SxTCSx is its mirror reflection. Additionally,
reflection with respect to the centre must map boundary conditions at the terminating points into
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(a)

propagating
modes

t

(b)

Figure 3. (a) The cross-section of a double-sided structure. (b) A schematic view of a half-closed structure in contact with a
system supporting non-trivial propagating modes. (Online version in colour.)

each other leading to |αU〉 = Sx|αL〉. Taking into account that [Sx,Ti] = 0 and SxTaa,ggSx = T −1
aa,gg

we find that equation (3.1) holds when D(e)(ω, β) = 0 or D(o)(ω, β) = 0, where

D(e,o)(ω, β) = 〈±x|TC |αL〉. (3.15)

It should be noted that the definition of even and odd modes in this case is somewhat arbitrary.
Here, we adopt the same convention as used in previous publications [24,27] and assign the
symmetry according to the parity of Ez: even mode corresponds to the even function Ez(z − zC)
and so on. Applying these results, for instance, for a dielectric slab, yields the factorization
DL(ω, β) = D(e)

L (ω, β)D(o)
L (ω, β) with

D(e,o)
L,m (ω, β) = cos(Qm(ε)t) − iλ∓1

L,m sin(Qm(ε)t). (3.16)

In the open groove waveguide, D(e)(ω, β) = 0, determining the dispersion law of the even SSPP
mode, produces the same dispersion equation as equation (3.4) with substituted h → h/2 as it
should be, because these modes correspond to vanishing Ex at the middle of the groove thus
effectively splitting the structure into two half-closed waveguides. In turn, D(o)(ω, β) = 0 yields
the dispersion equation for odd modes, which for l = 0 has the form

D(o)
open(ω, β) = sin

(
Ph
2

)
+ λ0

P
κ0

cos
(

Ph
2

)
. (3.17)

As a more involved application of the symmetry approach, we derive the dispersion equation
of double-sided corrugated waveguide shown in figure 3a. The total transfer matrix through such
structure has the form T = TggTgaTaaTagTgg and, thus, can be factorized with TC = T 1/2

aa Tgg. The
dispersion equations for the even and odd modes are given by equation (3.15) and for l = 0 and
have the same structure as for a half-closed waveguide (see equation (3.7))

D(e,o)(ω, β) = cos(Ph) − λe,o
P
κ0

sin(Ph), (3.18)

where
λe,o = ± κ0

P0

∑
m

B0,m tan∓1(Qmt)Em,0. (3.19)

Assuming that the arm is not too narrow, t > d/2π , so that the coupling between the sides of the
structure mediated by the higher order Bloch modes can be regarded as weak, we can use the
same approach as for derivation of equation (3.12) and obtain

λe,o = a
d

{
sinc2

(
βa
2

)
tanh∓1(κ0t) + κ0d

π

[
3
2

− ln
(

2πa
d

)]}
. (3.20)

The appearance of the dispersion equation for a half-closed structure signifying the emergence
of SSPP is not accidental. On the one hand, taking the projection on l = 0 states reduces
the transversal distribution of the field in the structure to renormalization of parameters
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characterizing l = 0 SSPP mode. On the other hand, the field distribution can be presented as
a result of coupling SSPP with waveguiding modes in the rest of the structure. In order to
explicate this statement, we consider a structure schematically shown in figure 3b, where the
closed groves with the interface at z = zB serve as a terminating point. The transfer matrix through
such structure factorizes T = TU,BTOS, where TU,B is the transfer matrix from the interface with the
half-closed structure to the opposite terminating point. Assuming that the boundary condition at
that point is described by vectors |α〉, the dispersion equation of the states in the complex structure
is D(ω, β) = 〈α⊥|TU,BTOS |−x〉. Introducing a formal resolution of identity

I =
∑
γ

(|1, γ 〉〈1, γ | + | − 1, γ 〉〈−1, γ |), (3.21)

with the summation running over an appropriate set of γ , we obtain

D(ω, β) = DU,B(ω, β)DOS(ω, β) − Λ, (3.22)

where DOS = 〈−1|TOS |−x〉 describes SSPP in the half-closed structure, DU,B = 〈α⊥|TU,B |−1〉
defines the dispersion equation of waveguiding modes in the rest of the structure and

Λ = 〈α⊥|TU,B |1〉〈1|TOS |−x〉 (3.23)

describes coupling between SSPP and waveguiding modes.
In §4c, we will apply this consideration for an analysis of some general features of double-sided

structures.

4. Dispersion law of spoof surface plasmon polaritons
In this section, we analyse in details the dispersion law of SSPP in structures of main interest and
find the relationship between spectral characteristics and geometry and dielectric properties of
the structure.

(a) Half-closed waveguide
The simplest SSPP structure is a one-sided waveguide, which is essentially just a conducting
corrugated surface (figure 4a). The SSPP dispersion law for such structure is determined by
equation (3.7), which for the lowest frequency SSPPs (with l = 0) has the form

cos(Ph) − λ
P
κ

sin(Ph). (4.1)

Here η is given by equation (3.12) and, as we are interested only in the l = 0 mode, we omit index 0.
Equation (4.1) was a subject of numerous investigations and the main features of the SSPP

spectrum are well studied. Owing to the importance of this equation, however, we review its
solutions here and will often refer to this analysis throughout the rest of the paper.

First, we would like to clarify the analogy with true plasmons outlined in the Introduction. To
this end, we compare equation (4.1) with the dispersion equation for the true surface plasmon
polaritons at the interface between air and metal with dielectric constant εm√

β2 − (ω/c)2

β2 − εm(ω/c)2 = − 1
εm

. (4.2)

Defining εm in such way that both equations (4.1) and (4.2) represent the same equation and
excluding β with the help of equation (4.1), we find

εm = 1
λ2

(
1 − λ − 1

sin2(ωh/c)

)
∼ 1

λ2

(
1 −

ω2
p

ω2

)
, (4.3)

where ωp = πc/2h is the effective plasma frequency for the SSPP defined by the condition of
vanishing effective dielectric function εm(ω = ωp) = 0. This shows that, indeed, from the spectral

 on November 23, 2016http://rspa.royalsocietypublishing.org/Downloaded from 

http://rspa.royalsocietypublishing.org/


12

rspa.royalsocietypublishing.org
Proc.R.Soc.A472:20160616

...................................................

(a)

(b)

(c) (d)
5

0

1

2

3

4

6

5

0

1

2

3

4

51 2 3 4 51 2 3 4 6

bh/(p/2) bh/(p/2)

P
h/

(p
/2

)

P
h/

(p
/2

)

Figure4. Half-closed and open SSPP structures. (a,b) The cross-sections of half-closed and openwaveguides, respectively. (c,d)
Dispersiondiagramson the (Ph,βh)-planeof SSPP inhalf-closed andopenwaveguides, respectively. The vertical andhorizontal
axes are additionally rescaled byπ/2, so that the coordinates of the characteristic points are expressed in integer numbers. The
dash-dotted line shows the light line,ω = βc. The vertical dashed line shows the right boundary of the dispersion diagrams
determined byβmax = π/d in a structure with h/d = 5. (Online version in colour.)

point of view, the electromagnetic waves confined near the corrugated surface look similar to
surface plasmon polaritons.

In order to outline the main effect of the geometry of the structure, we note that spectral and
geometrical parameters enter equation (4.1) through three variables: Ph, βh and η. Therefore, SSPP
dispersion diagrams of all half-closed structures have the same overall form shown in figure 4c.
In wide structures, where πc/w � ωp, the transition from weakly attenuated to SSPP regime
occurs near β = βc = ωp/c, where the light-line intersects the effective plasma frequency. Below
the transition, β < βc, the dispersion curve only slightly deviates from the light-line, and for β > βc

the dispersion curve gradually approaches ωp. Thus, varying the geometry of the structure will
only change the ‘smoothness’ of transition between two regimes on the (Ph, βh)-plane and, if the
period is changed, will limit the dispersion diagram at different (βh)max = πh/d.

The form of the dispersion curve is determined by a set of characteristic frequencies. First, these
are frequencies ωP and ωκ (β) at which P(ω) and κ(ω, β) vanish. The curve ω = ωκ (β) separates
regions corresponding to propagating and attenuated modes outside of the grooves and thus
defines the light-line. For example, in the case w → ∞, we have ωP = 0 and ωκ (β) = βc. Another
set of characteristic frequencies, ω

(n)
p , is given by the positions of zeros of cos(Ph), so that P(ω =

ω
(n)
p ) = π (1/2 + n)/h with integer n.

From the relationships between the characteristic frequencies, it can be seen that for all β’s,
equation (4.1) has at least one solution, which we will call the fundamental branch. Its character
strongly depends on the relationship between ωQ(β) and ω

(n)
p , that is between the light-line and

SSPP plasma frequencies. Indeed, in the case of small β, when ωQ(β) � ω
(n)
p , we find

P2 ≈ β2(1 − λ2β2h2). (4.4)

Taking into account the relation ω2 = (πc/w)2 + P2c2, such represented solution is valid for
arbitrary width of the structure and the dielectric function of the medium. This solution only
slightly deviates from the light line and thus corresponds to weakly attenuated field outside of
the grooves.

In the opposite limit, ωQ(β) � ω
(0)
p , the solution is close to ω

(0)
p , so that

P ≈ π

2h
− πλ

2βh2 . (4.5)

Thus, we have significant deviation from the light line, which corresponds to strong attenuation of
the field outside of the grooves. The transition between regimes of weak and strong confinement
occurs near the crossing of the light-line and the SSPP plasma frequency, i.e. ωQ(βc) = ω

(0)
p .
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This consideration suggests to identify the strong confinement regime with the formation of
SSPP, because it corresponds to emergence of the effective Drude model as expressed by the
second half of equation (4.3). As β is limited by the Brillouin zone, β ≤ βmax = π/d, this yields
the criterion that the corrugated surface must satisfy in order to support well-defined SSPP,
βc < π/d or

h >
d
2

. (4.6)

Thus, the effect of SSPP can be expected to be well developed in structures with sufficiently long
grooves. With increasing length of the groove, the characteristic frequencies ω

(n)
p decrease, which

may lead to the appearance of additional bands. It can be seen that the number of branches at
given β equals to 1 + nmax, where nmax is maximal n such that ω

(n)
P < ωQ(β) with ω

(n)
P defined as

zeros sin(Ph) in equation (4.1), so that P(ω = ω
(n)
P ) = πn. The analysis of the nth higher branch can

be performed using the same arguments as above with substitutions ωP → ω
(n)
P and ω

(0)
p → ω

(n)
p .

Without going into such detailed analysis, we limit ourselves to noticing an interesting feature
of the higher branches. In contrast to the fundamental branch, they exist only when β is large
enough (figure 4) β > β

(n)
0 , where β

(n)
0 is found from ωQ(β(n)

0 ) = ω
(n)
P , which yields the condition

for the nth-order band to exist. For example, in wide waveguides with w > h, the nth higher band
appears when h > nd.

The important characteristics of the SSPP, the position of the edge of the fundamental band, is
found from equation (4.5) by taking β = βmax. In wide structures, where the effect of the cut-off
frequency πc/w can be neglected, with sufficiently long grooves, h > d/2, one has

ωe = ωp − ωe, (4.7)

where the frequency separation between the edge of the fundamental band and the plasma
frequency in the approximation of narrow grooves is found to be

ωe ≈ 2λBωp

π
√

(2h/d)2 − 1
, (4.8)

with λB = λ(ω = ωp, β = βmax). Respectively, the gap separating the fundamental band from the
next band in structures with h > d has the width

0 = ωp(1 + δ0). (4.9)

The dependence of the position of the edge of the fundamental band on the groove height
predicted by this expression is in excellent agreement with the results of full-wave numerical
simulations in finite-element software [28] as is shown in figure 6b.

(b) Open structure
As we have seen above, in structures with open grooves, there are two classes of SSPP modes
corresponding to different transformation properties under reflection about the (x, y)-plane
passing through the centre of the grooves. Even modes are characterized by vanishing Ex at z = zC

and, as a result, the dispersion equation of even modes reproduces that of half-closed structures
with renormalized grooves height h → h/2 as is illustrated by figure 5a. Thus, the consideration
provided above directly applies to even modes in structures with open grooves.

The spectrum of odd modes is determined by equation (3.17), which is convenient to study
by introducing the phase parameter ξ = Ph − π/2 or P̃ = P − π/2h. Equation relating P̃ and β has
the structure similar to equation (4.1) and can be analysed in a similar manner by considering
relationships between characteristic frequencies.

It follows from this analysis that odd modes are similar to higher order bands: they appear
in structures with sufficiently long grooves, h > d, start from non-zero β

(n)
o = π (1 + 2n)/h and

occupy bands approaching effective plasma frequencies ω
(n)
o = (1 + n)2πc/h and situated between

the bands of even modes.
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Figure 5. Electromagnetic field energy distribution in structures with open grooves with h/d = 1.6 at β = βmax. (a) Even
modes with Ex = 0 at the line passing through the centre of the grooves are analogous to states in half-closed waveguides
with the grooves of halved height. (b) Odd modes bands reside in the gaps left by the even modes. Their distinctive feature is
the symmetry of the field distribution. The difference between panels (a) and (b) is due to reduced attenuation and increased
contrast of beatings in higher bands comparing to the fundamental band. Far, comparing to a, away from the opening of the
grooves, the main contribution is due to the m= 0 and m= −1 components leading to formation of a universal pattern
W ∼ e−2κz(1 − (P/β)2 cos2(π x/d)),where x is counted fromthe centre of agroove. Thus, increasing thebandnumber results
in a more prominent ‘far zone’ distribution due to reduced κ and increased P/β . (Online version in colour.)

The general structure of the spectrum of structures with open grooves is shown in figure 4d.
While it looks similar to the spectrum of half-closed structure, an important difference should
be noted. Odd branches occupy the space between even branches, which leads to a significant
reduction of the band gaps. Starting point of odd bands is the spoof plasma frequency of the
previous even band. As a result, the band gaps are determined solely by the distance between the
edges of the bands and the respective plasma frequencies.

(c) Double-sided structure
SSPP in double-sided structures (figure 3a) enjoyed significant attention [8,24,29]. Because of
this and in view of the similarity of the dispersion equations governing modes of double-sided
corrugated waveguides (equations (3.18)) and half-closed structures (equation (4.1)), so that the
same analysis can be performed, we limit ourselves to discussion of some general properties only.

As the structure is closed, solutions of the dispersion equation must be sought for in a class
of non-attenuated states outside of the grooves (i.e. with real Q) as well. In order to outline the
consequences of this circumstance, we apply the consideration illustrated at the end of §3.

Let the transfer matrices through the lower and the upper groove be T (1,2)
OS , respectively, and

the transfer across the arm is described by Ta. Then, the dispersion equation can be presented
schematically as

D(ω, β) = D(1)
OS〈−1|Ta |−1〉D(2)

OS − Λ(ω, β), (4.10)

where D(1)
OS = 〈x|T (2)

OS |−1〉 can be seen to yield the dispersion equation for the second half-closed

waveguide, D(2)
OS = 〈−1|T (1)

OS |−x〉, and Λ(ω, β) = 〈x|T (2)
OS |1〉〈1|Ta |1〉〈1|T (1)

OS |−x〉. Expressions for
D(ω, β) and Λ(ω, β) contain diagonal elements of the transfer matrix through the arm. Depending
on whether the states inside the arm are attenuated or not (i.e. β > βc or β ∼ 0), the effect of the
coupling between opposite sides of the waveguide is drastically different.

When β > βc, the coupling parameter is exponentially small, ∼ e−2κ0t. As a result, in this region
we have weakly coupled modes at the opposite sides of the waveguide. In symmetric structure,
this leads to slightly repelled symmetric and antisymmetric modes. Using equation (3.20) in the
expression for the band edge (equation (4.7)), we find exponentially decreasing with the arm
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width the separation between the edges of even and odd modes

 = ωp
a
h

sinc2(βa/2)
sinh(2κt)

, (4.11)

where κt = π td−1
√

1 − (d/2h)2.
In the opposite case, β ∼ 0, the matrix elements of Ta are pure phase factors and, as a result, we

have strong coupling of modes confined to opposite sides. As a result, at β = 0, the even branch
resides at P ≈ 0, while the odd branch is at P = π/2h(1 − δ) with

δ ≈ a
d

{
tan

(
π t
2 h

)
+ d

2h

[
3
2

− ln
(

2πa
d

)]}
. (4.12)

Moreover, one can see that if the arm is not too wide, for small β one has tanh(κt) ≈ κt, which
cancels κ from the dispersion equation making the even branch dispersionless.

5. The effect of the dielectric environment
Consideration of states of the field in corrugated structures from the plasmon perspective
naturally raises an interest in the interaction with matter. As the first step in this direction, this
requires analysis of the effect of media surrounding the conductor on SSPP spectral properties.
The simplest situation is when the space outside of the conductor is filled with material with the
dielectric function ε. This can be accounted for by simple rescaling frequency ω → ω/

√
ε and not

only the results formulated above in terms of P stay the same but the dispersion diagrams on the
(Ph, βh)-plane (figure 4) remain unchanged.

When the structure contains interfaces between regions with mismatched dielectric properties,
however, the variation of the SSPP spectrum is more complex. Some of such situations do not
succumb to currently used analytical methods and require resorting to numerical simulations. In
this section, we will demonstrate, how the transfer matrix approach can be used for analysis of
SSPP spectra in these cases.

(a) Half-closed waveguide covered by an infinite dielectric slab
We start by considering the case when the interior of the grooves of a half-closed waveguide
and the outside space are filled with materials with different dielectric constants, εg and εa,
respectively (figure 6a). The mismatch between εg and εa leads to modification of the interface
transfer matrix Tag according to equations (2.24). It can be seen that in this case the SSPP
dispersion equation has the same general form as for a dielectrically homogeneous environment

cos(Ph) − λ(εa)
P2(εa)
P2(εg)

P(εg)
κ(εa)

sin(Ph) = 0, (5.1)

where κ(εa) =
√

β2 − P2(εa) and λ(εa) is given by equation (3.12) with κ replaced by κ(εa).
Changes induced by the dielectric environment in this case are quite straightforward. We

discuss them in the limit w → ∞, when after introducing P̃ = √
εaω/c and h̃ = h

√
εg/εa we arrive at

the same equation as equation (4.1) with rescaled coupling parameter λ → λ
√

εa/εg. Thus, in the
(P̃(εa)h̃, βh̃)-plane, the only variation in the SSPP spectrum is in the crossover from low attenuated
to the SSPP regime due to renormalized λ, as is demonstrated in figure 6b. In particular, the SSPP
plasma frequency is defined by the same condition P̃h̃ = π/2 leading to ω̃p = ωp/

√
εg.

The results obtained above for the half-closed waveguide can be directly applied for this case.
In particular, the position of the edge of the fundamental band can be found from equations (4.7)
and (4.8): ωe = ω̃p − ωe(εa, εg), where

ωe(εa, εg) = ω̃p

√
εa

εg

2λ(εa)

π

√
(2h/d)2εg/εa − 1

. (5.2)
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Figure 6. (a) The cross section of a half-closed waveguide filled by material with the dielectric function εg bounded by half-
space with the dielectric function εa. (b) The normalized position of the edge of the fundamental band ωe(h)/ω̃p(h) as a
function of the grooves height for different values of εa (the arrows show the variation with increasing εa = 1, 2.25, 4): solid
lines are obtained fromequation (5.2), dotted lines show the results of full-wave numerical simulations. (c) Variation of the SSPP
dispersion diagram with the refractive index of the surrounding medium. The inset shows the dispersion diagrams in rescaled
parametrizationω(β h̃). (Online version in colour.)

Its dependence on the height of the groove is shown in figure 6b together with the results of full-
wave numerical simulations. It demonstrates, in particular, that as long as the system is in the
SSPP regime, βh̃ > π/2, equation (5.2) agrees very well with numerical simulations.

We conclude consideration of this case emphasizing two circumstances. First, the spoof plasma
frequency is determined solely by the optical height of the grooves h√

εg and dielectric properties
of the arm leave it unaffected. This is due to the strong attenuation of the electromagnetic field
outside of the grooves in the limit βh � 1. As a result, the effect of the dielectric properties of
surrounding medium becomes negligible. Second, in the case εg = 1, the main variation of the
SSPP spectrum is accounted for by effective renormalization h → h/

√
εa. This leads to decreasing

value of the cut-off point βmaxh̃ on the dispersion diagram as is evident from figure 6c. This
reduction of the SSPP regime is due to reduced confinement inside the dielectric.

(b) Open waveguide covered by a semi-infinite dielectric slab
A structure with open grooves in contact on one side with a medium with the dielectric function
ε presents a special interest from the perspective of adopting plasmon techniques for SSPP. In this
particular case, SSPP can be excited from one side using, say, Otto prism [30,31], while interacting
with a tested material on the other side. Such structures are difficult to deal with using standard
approaches because of, on the one hand, the lack of mirror symmetry and, on the other hand,
the necessity to match two infinite sets of amplitudes characterizing Bloch modes in half-spaces
separated by the SSPP waveguide. This obstacle is avoided in the transfer matrix formalism and
we use this situation for showing in details calculations within the developed formalism.

Having in mind establishing a relation with the symmetric case, we choose the state at the
centre of the groove in the form

|α〉 = |x, {α(+)
l }〉 + | − x, {α (−)

l }〉. (5.3)

State |α〉 must be mapped by the transfer matrices through the halves of the structure into correct
boundary conditions. Thus for two arbitrary sets of amplitudes {γ (u,d)

m }, we must have

〈−1, {γ (u)
m }|TagT 1/2

g |α〉 = 0 and 〈1, {γ (d)
m }|TlgT −1/2

g |α〉 = 0, (5.4)
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where we denote Tag = Ti(T̂
(1)
U , T̂(2)

U ) and Tlg = Ti(T̂
(1)
D , T̂(2)

D ) with T̂(1)
U = Ê, T̂(2)

U = ˆ̄B and T̂(1,2)
D given

by equation (2.24). Expanding equations (5.4) we obtain

(γ (u)|[T̂(1)
U cos(P̂h/2) − iT̂(2)

U sin(P̂h/2)]|α(+))

− (γ (u)|[T̂(2)
U cos(P̂h/2) − iT̂(1)

U sin(P̂h/2)]|α (−)) = 0

and

(
γ (d)

∣∣∣∣∣
[

T̂(1)
D cos

(
P̂h
2

)
− iT̂(2)

D sin

(
P̂h
2

)]∣∣∣∣∣α(+)

)

+
(

γ (d)

∣∣∣∣∣
[

T̂(2)
D cos

(
P̂h
2

)
− iT̂(1)

D sin

(
P̂h
2

)]∣∣∣∣∣α (−)

)
= 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.5)

Now, we take into account that these are combinations of the form ˆ̄T(2)T̂(1) that provide a small
parameter in the perturbation theory (cf. with equations (3.3) and (3.4)) and represent

(γ (u,d)| = (γ̃ (u,d)|T̂(2)
U,D, (5.6)

where amplitudes β̃ define a state in the space of groove modes. Using this representation in
equation (5.5) and taking the first order of the perturbation theory, we obtain for l = 0

[
ηU cos

(
Ph
2

)
− i sin

(
Ph
2

)]
α

(+)
0 −

[
cos

(
Ph
2

)
− iηU sin

(
Ph
2

)]α
(−)
0 =0

and
[
ηD cos

(
Ph
2

)
− i sin

(
Ph
2

)]
α

(+)
0 −

[
cos

(
Ph
2

)
− iηD sin

(
Ph
2

)]α
(−)
0 =0,

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(5.7)

where ηU,D = (l = 0| ˆ̄T(2)
U,DT̂(1)

U,D|l = 0) and, thus, have the same form as for the half-closed
waveguide surrounded by air ( for ηU) and by a semi-infinite dielectric slab ( for ηD). Requiring
that equations (5.7) have a non-trivial solution, we find the dispersion equation in the form

D(e)
open(ω, β)D(o)

open(ω, β) − η2 sin
(

Ph
2

)
cos

(
Ph
2

)
= 0, (5.8)

where η = (ηU − ηD)/2 and D(e,o)
open(ω, β) are given by the dispersion equations of even and odd

modes of a structure with open grooves with the coupling parameter η = (ηU + ηD)/2.
Equation (5.8) demonstrates that when the mirror symmetry is broken, the modes of the open

structure are coupled. The effect of the coupling, however, is the strongest at the crossover region.
For example, in the SSPP regime cos(Ph/2) ≈ ωe/ωp which leads to corrections of the next order

in a/d. Thus, due to the separation between even and odd bands, D(e,o)
open in equation (5.8) can be

regarded as effectively decoupled, if one is mostly interested in the effect on SSPP modes.
Thus, the main (and non-trivial) effect of the dielectric semi-infinite slab on SSPP in the open

waveguide is the modification of the coupling parameter. For instance, the fundamental band is
described by equation (4.1) with

λ = 1
2

(
λ(ε = 1) + P2(ε)κ

P2κ(ε)
λ(ε)

)
. (5.9)

In particular, the SSPP plasma frequency, despite broken mirror symmetry, remains the same
ωp = π/h, while the shift of the edge of the fundamental band is given by

ωe = 1
2 (ωe(ε, 1) + ωe(1, 1))|h→h/2. (5.10)

(c) Half-closed waveguide in contact with a thin dielectric layer
SSPP waveguides bounded by semi-infinite dielectric slabs demonstrate relatively simple
spectrum owing to the absence of special characteristic frequencies characterizing states of the
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Figure 7. (a) The cross-section of an SSPP waveguide covered by a thin dielectric layer. (b) The variation of the edge of the
fundamental SSPP band normalized by the effective plasma frequency with the thickness of the layer for different values of ε
(the arrows shows the variation with increasing ε = 1.1, 1.7, 2.5). (Online version in colour.)

field inside the dielectric. The situation is different when the structure is covered by a dielectric
layer of finite thickness, t, (figure 7a). In this case, the relevant framework is provided by
the approach based on coupled excitations as has been discussed in §3. We limit ourselves to
consideration of a specific property of SSPP, sub-wavelength resolution. This property can be
illustrated on the example of thin layers with ε ≈ 1, when waveguiding modes of the layer follow
closely the vacuum light-line. As a result, in the SSPP regime, the states of the field inside
the layer are attenuated and the effect of the layer on SSPP can be accounted for, with good
approximation, by a modification of the coupling parameter. The SSPP dispersion equation is
found from 〈−1|T |−x〉 = 0, with T = TalTlTlgTg, where Tl = diag(exp(iQ̂(ε)t), exp(−iQ̂(ε)t)) is the

transfer matrix through the layer and the interface transfer matrices are Tal = Ti(T̂
(1)
U , T̂(2)

U ) and

Tlg = Ti(T̂
(1)
D , T̂(2)

D ), where T̂(1,2)
U are given by equation (2.23) with εI = ε and εII = 1, and T̂(1,2)

D are
defined in equation (2.24) with εI = 1 and εII = ε. Then, we obtain D(ω, β) = cos(Ph) − iη sin(Ph),
where

η = −i(l = 0|T̂(2)
D λ̂L

D̂(e)
L

D̂(o)
L

T̂(1)
D |l = 0), (5.11)

with λ̂L = diag(λL,m) and D̂(e,o)
L = diag(D(e,o)

L,m ). Assuming that all higher Bloch modes with |m| > 0
are well attenuated, we obtain the same dispersion equation as for semi-infinite dielectric slab,
equation (5.1), with modified λ(εa) → λ(ε, t), where

λ(ε, t) = a
d

[
sinc2

(
βa
2

)
λL

D(e)
L

D(o)
L

+ κ(ε)d
π

(
3
2

− ln
(

2πa
d

))]
. (5.12)

The renormalization of the first term in the brackets distinguishes coupling with a thin layer
from the case of semi-infinite slab. In view of equation (5.2), this renormalization describes the
dependence of the edge of the fundamental band on the thickness of the layer. We extract this
contribution into the position of the edge and define

δωe(t) = ωp
a
d

sinc2
(

βa
2

)
2

π
√

(2h/d)2 − 1

(
D(e)

L

D(o)
L

− 1

)
(5.13)

through the relations dδωe(t)/dt = dωe(t)/dt and δωe(t = 0) = 0. The typical dependence of ωe on
the layer thickness is shown in figure 7b. The significant increase of the rate of shift of the edge
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for small t with increasing ε can be seen directly from equation (5.13),

d
dt

δωe(t)
∣∣∣∣
t=0

= ωpa
dh

sinc2
(πa

2d

)(
ε − 1

ε

)
. (5.14)

It shows the sensitivity of the SSPP band edge to slight variations of ε close to 1. It should be noted,
however, that the response of the band edge to the thickness variation reduces in structures with
longer grooves due to the stronger attenuation of the field outside of the grooves.

6. Conclusion
We have presented a general framework for describing SSPP in periodic waveguides. The
framework is based on extension of the transfer matrix approach in order to account for an infinite
number of Bloch modes. While the formalism is developed for the example of SSPP waveguides
with rectangular grooves perpendicular to the axis of the waveguide, various generalizations
are relatively straightforward as long as the structure can be split in the transversal direction
into regions communicating with each other through the field continuity boundary conditions
on surfaces with a simple geometry. One of such generalizations would be to consider oblique
grooves, which may be relevant for development of more efficient technological processes for
growing SSPP structures with the operating frequency in the terahertz region. Another important
generalization is to structures not bounded by conducting walls from the sides, which in many
regards demonstrate features of the limit w → ∞, owing to the fact that the distribution of the
field inside the grooves is strongly restricted by their small width.

Taking into account an infinite set of Bloch modes leads to representation of a coupling
parameter in the SSPP dispersion equation in terms of a series, which was usually truncated
to the leading term yielding single Bloch mode approximation (SBMA). This approximation,
while allowing for discussion of general properties, fails to reproduce accurately SSPP spectral
properties near the edge of the band, where the SSPP effect is the most prominent. The transfer
matrix approach for a full set of Bloch modes has allowed us to establish a relation of the coupling
parameter with a Fourier series of a special function, which yielded a correction to the SBMA
coupling parameter. The full coupling parameter is demonstrated to correctly account for the
effect of higher Bloch modes in the SSPP regime. It is worth noting that the correction is stable
with respect to structural modifications, thanks to the fact that higher Bloch modes are strongly
attenuated and are affected only by an immediate vicinity of the groove opening. Not surprisingly,
therefore, the correction appeared in the same form in various situations analysed in the
paper.

We have applied the developed formalism to studying SSPP spectrum in different structures
with the main attention paid to the position of the edge of the SSPP fundamental band, which
plays an important role in the transport properties of SSPP. The main results are obtained for
structures with heterogeneous distribution of the dielectric function. These structures, despite
being important for adopting plasmon techniques to SSPP, did not enjoy theoretical attention
because of difficulties in applying standard technical tools. We show that while the dielectric
properties of the medium outside of the grooves do not modify the SSPP effective plasma
frequency, the maximal Bloch wavenumber is downscaled leading to reduction of the SSPP region
because of weaker attenuation in the dielectric.

Promising results are obtained for structures with grooves open at both ends. In these
structures, the spectral properties of SSPP are determined by a coupling parameter ‘averaged’
over the openings of the grooves. This suggests the possibility to use these structures in set-ups,
where spoof plasmons are excited at one side of the structure and interact with material applied
at the opposite side: the geometry playing a very important role in plasmon applications.

Finally, we have studied the effect of a thin dielectric layer lying on top of the corrugated
waveguide on the SSPP spectrum. We found that the position of the edge of the fundamental
band is sensitive to variations of the thickness of the layer on sub-wavelength scale.
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